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Abstract
We review our recent results on the physics of quantum Hall fluids at Jain and
non conventional fillings within a general field theoretic framework. We focus on a
peculiar conformal field theory (CFT), the one obtained by means of the m-reduction
technique, and stress its power in describing strongly correlated low dimensional con-
densed matter systems in the presence of localized impurities or topological defects.
By exploiting the notion of Morita equivalence for field theories on noncommutative
two-tori and choosing rational values of the noncommutativity parameter, we find a
general one-to-one correspondence between the m-reduced conformal field theory de-
scribing the quantum Hall fluid and an Abelian noncommutative field theory. In this
way we give a meaning to the concept of ”noncommutative conformal field theory”,
as the Morita equivalent version of a CFT defined on an ordinary space. In this context
the image of Morita duality in the ordinary space is given by the m-reduction tech-
nique and the corresponding noncommutative torus Lie algebra is naturally realized in
terms of generalized magnetic translations.
As an example of application of the formalism, we study a quantum Hall bilayer
at nonconventional fillings in the presence of a localized topological defect and briefly
recall its boundary state structure corresponding to two different boundary conditions,
the periodic as well as the twisted boundary conditions respectively, which give rise to
different topological sectors on a torus. By analyzing the boundary interaction terms
present in the action we recognize a boundary magnetic term and a boundary poten-
tial. Then we introduce generalized magnetic translation operators as tensor products,
which act on the quantum Hall fluid and defect space respectively, and compute their
action on the boundary partition functions: in this way their role as boundary condition
changing operators is fully evidenced. From such results we infer the general structure
of generalized magnetic translations in our model and clarify the deep relation be-
tween noncommutativity and non-Abelian statistics of quasi-hole excitations, which is
crucial for physical implementations of topological quantum computing. In particular,
noncommutativity is strictly related to the presence of a topological defect on the edge
of the bilayer system, which supports protected Majorana fermion zero modes. That
happens in close analogy with point defects in topological insulators and supercon-
ductors, where the existence of Majorana bound states is related to a Z2 topological
invariant. Finally, some prospects on the implementation of a topologically protected
qubit with quantum Hall bilayers are presented.
1. Introduction
The experimental discovery of fractional quantum Hall (FQH) effect [1] in 1982 has opened
the door to a new fascinating state of matter. Indeed the unusual properties of the incom-
pressible quantum fluid that arises in a two dimensional electron gas subjected to a strong
magnetic field and at very low temperatures are the signature of an emergent topologi-
cal state of matter, whose quasiparticle excitations show up fractional charge and statistics
[2][3]. As such, it has been proposed that FQH states display a new kind of order, termed
topological order [4][5]. In particular they lack long range correlation and local order pa-
rameters but display a weak form of order which is sensitive to the topology of the underly-
ing two dimensional manifold. Further appealing features are a non-Abelian Berry’s phase
under modular transformations and a ground state degeneracy depending on the topology
of the underlying space, which is robust against any local perturbations.
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Laughlin states [6] with ν = 1k and k odd are today well understood, both theoretically
and experimentally. In order to take into account more general observed filling factors ν dif-
ferent from 1k , a hierarchical scheme was introduced [7], in which quasiparticles of a ν = 1k
state can themselves condense into a new quantized state. In this way it has been possible
to construct Hall states for any odd denominator filling fraction ν, whose quasiparticles
have fractional charge and Abelian fractional statistics. Some years later Jain introduced
the composite fermions picture [8] in order to explain more general filling fractions of the
form ν = p2p+1 . The observation of a quantum Hall state with an even denominator filling
fraction [9], ν = 52 , paved the way to the study of states which do not follow the hierar-
chical picture and then are an exception to the odd denominator rule. The most promising
theoretical candidate for such a state is believed to be the Moore-Read (MR) Pfaffian model
[10], whose anyonic quasiparticles exhibit non Abelian braiding statistics. This last pre-
diction is appealing in view of condensed matter implementations of topological quantum
computation [11]. Indeed quantum information is stored in topologically degenerate states
with multiple quasiparticles while unitary gate operations are carried out by braiding such
quasiparticles and then by reading the corresponding states. The topological nature of these
quasiparticles states makes them robust against any local perturbation. A strong support to
the Moore-Read hypothesis for the ν = 52 state comes from recent experimental data about
the charge e4 of localized excitations [12], which coincide with previous shot noise [13] and
quasiparticle interference oscillation [14] results. Further experimental evidence has been
gained through the observation of the predicted neutral mode [15], also consistent with the
MR picture.
At the same time, increasing technological progress in molecular beam epitaxy tech-
niques has led to the ability to produce pairs of closely spaced two-dimensional electron
gases. Since then such bilayer quantum Hall systems have been widely investigated theo-
retically as well as experimentally [3][16, 17]. Strong correlations between the electrons
in different layers lead to new physical phenomena involving spontaneous interlayer phase
coherence with an associated Goldstone mode. In particular a spontaneously broken U(1)
symmetry [18] has been discovered and identified and many interesting properties of such
systems have been studied: the Kosterlitz-Thouless transition, the zero resistivity in the
counter-current flow, a DC/AC Josephson-like effect in interlayer tunneling as well as the
presence of a gapless superfluid mode [19][20]. Indeed, when tunneling between the layers
is weak, the quantum Hall bilayer state can be viewed as arising from the condensation of
an excitonic superfluid in which an electron in one layer is paired with a hole in the other
layer. The uncertainty principle makes it impossible to tell which layer either component
of this composite boson is in. Equivalently the system may be regarded as a ferromagnet
in which each electron exists in a coherent superposition of the ”pseudospin” eigenstates,
which encode the layer degrees of freedom [21][20]. The phase variable of such a super-
position fixes the orientation of the pseudospin magnetic moment and its spatial variations
govern the low energy excitations in the system. So quantum Hall bilayers are an interesting
realization of the pairing picture at non-standard fillings. Indeed they show up several even
denominator states.
The topological nature of quantum Hall states makes possible the classification of the
different electronic phases of the quantum liquid according to topological invariants, as
pioneered by Thouless [22]. He identified the integer topological invariant characterizing
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the two dimensional (2D) integer quantum Hall state, which gives the Hall conductance
and characterizes the Bloch Hamiltonian defined in the magnetic Brillouin zone. As a con-
sequence of this topological classification a bulk-boundary correspondence arises, which
relates the topological class of the bulk system to the number of gapless chiral edge states
on the sample boundary [4]. Topologically protected zero modes and gapless states can also
occur when topological defects are present on the edge of the sample; recently a generaliza-
tion of the bulk-boundary correspondence has been introduced as well [23], which relates
the topological class of the Hamiltonian characterizing the defect to the structure of the pro-
tected modes associated with the defect. In this way the crucial role of localized topological
defects clearly emerges and that appears to be deeply related to noncommutativity, as we
showed in our recent work [24][25][26].
On the other hand, the relevance of 2D CFT for the fractional quantum Hall effect
(FQHE) was first pointed out in Ref. [27], where the analogy between the Laughlin-Jastrow
(LJ) wave function and the dual amplitudes was exploited. Then the 2D CFT formalism
was extensively employed in the study of Hall fluids at the plateaux, assuming that it can
describe successfully the universal topological features of the fractional quantum Hall effect
(FQHE) [28][5]. The key point for the introduction of 2D CFT is the consideration that it
is possible to build up a Coulomb Gas in terms of vertex operators of a c = 1 CFT and
then to compute in a natural way topological quantities such as the Hall conductance. That
relies strongly on the one-component plasma interpretation of the modulus square of the
Hall ground state wave function proposed by Laughlin [6]. Furthermore the vertex operator
formalism describes very well states with particles carrying an electric as well as a magnetic
charge, i. e. dyons. We also point out that the 2D CFT approach to FQHE holds not only on
the plane but also on a torus [29] and in general on a Riemann surface with arbitrary genus;
in this way the topological properties of the system can be made very transparent. Indeed
the topological nature of the order present in the FQHE at fillings ν = 1k shows up as a
k-fold degeneracy of the ground state wave function. Such a result, as well as the value of
the Hall conductance, is deeply related [5] to the algebraic properties of a finite subgroup of
the magnetic translation group for a 2D electrons system. More recently, a particular CFT,
the one obtained via m-reduction technique [30], has been introduced by our group and
applied to the description of a quantum Hall fluid (QHF) at Jain [31][32] as well as paired
states fillings [33][34] and in the presence of topological defects [35][36][37]. The m-
reduction technique is based on the simple observation that, for any CFT (mother), a class
of sub-theories exists, which is parameterized by an integer m with the same symmetry
but different representations. The resulting theory (daughter), called Twisted Model (TM),
has the same algebraic structure but a different central charge cm = mc. Its application
to the physics of the QHF arises by the incompressibility of the Hall fluid droplet at the
plateaux, which implies its invariance under the W1+∞ algebra at different fillings [38], and
by the peculiarity of the m-reduction procedure to provide a daughter CFT with the same
W1+∞ invariance property of the mother theory [31][32]. Thus the m-reduction furnishes
automatically a mapping between different incompressible plateaux of the QHF while the
characteristics of the daughter theory is the presence of twisted boundary conditions on the
fundamental fields.
But how noncommutativity does arise in the physics of quantum Hall regime and how
does it fit to our CFT description? Really, it comes out in a very natural way as an effective
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description of the dynamics when the simplest framework is considered, namely the quan-
tum mechanics of the motion ofNe charged particles in two dimensions subjected to a trans-
verse magnetic field (Landau problem)[39]. The strong field limit B → ∞ at fixed mass
m projects the system onto the lowest Landau level and, for each particle I = 1, ..., Ne,
the corresponding coordinates (eBc xI , yI ) are a pair of canonical variables which satisfy
the commutation relations [xI , yI ] = iδI,Jθ, θ = ~ceB ≡ l2M being the noncommutativity
parameter. In this picture the electron is not a point-like particle and can be localized at
best at the scale of the magnetic length lM . The same thing happens to the endpoints of
an open string attached to a D-brane embedded in a constant magnetic field [40], which is
the string theory analogue of the Landau problem: the D-brane worldvolume becomes a
noncommutative manifold. Indeed the worldsheet field theory for open strings attached to
D-branes is defined by a σ-model on the string worldsheet Σ with action
SΣ =
1
4πl2s
∫
Σ
d2ξ
(
gij∂
ayi∂ay
j − 2πil2sBijǫab∂ayi∂byj
)
. (1)
Here yi are the open string endpoint coordinates, ξa, a = 1, 2 are local coordinates on the
surface Σ, ls is the intrinsic string length, gij is the spacetime metric and Bij is the Neveu-
Schwarz two-form which is assumed non-degenerate and can be viewed as a magnetic field
on the D-brane. Indeed, when Bij are constant the second term in Eq. (1) can be integrated
by parts and gives rise to the boundary action:
S∂Σ = − i
2
∫
∂Σ
dtBijy
i (t)
.
y
j
(t) , (2)
where t is the coordinate of the boundary ∂Σ of the string world sheet lying on the D-brane
worldvolume and .yi = ∂yi/∂t. Such a boundary action formally coincides with the one of
the Landau problem in a strong field. Now, by taking the Seiberg-Witten limit [41], i. e. by
taking gij ∼ l4s ∼ ε → 0 while keeping fixed the field Bij , the effective worldsheet field
theory reduces to the boundary action (2) and the canonical quantization procedure gives
the commutation relations
[
yi, yj
]
= iθij , θ = 1B on ∂Σ. Summarizing, the quantization
of the open string endpoint coordinates yi (t) induces a noncommutative geometry on the
D-brane worldvolume and the effective low-energy field theory is a noncommutative field
theory (NCFT) [42] for the massless open string modes.
In such a picture also a tachyon condensation phenomenon can be considered, which
introduces the following boundary interaction for the open string:
ST = −i
∫
∂Σ
dtT
(
yi (t, 0)
)
, (3)
where T
(
yi (t, 0)
)
is a general tachyon profile. In general, D-branes in string theory corre-
spond to conformal boundary states, i. e. to conformally invariant boundary conditions of
the associated CFT. They are charged and massive objects that interact with other objects
in the bulk, for instance through exchange of higher closed string modes. In turn boundary
excitations are described by fields that can be inserted only at points along the boundary,
i. e. the boundary fields. There exists an infinite number of open string modes, which
correspond to boundary fields in the associated boundary CFT
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condensation is a boundary phenomenon and as such it is related to Kondo-like effects in
condensed matter systems [43][44]. In this case, the presence of the background B-field
makes the open string states to disappear and that explains the independence on the back-
ground [45].
The above picture coincides with the one proposed in Ref. [46] in the context of bound-
ary conformal field theories (BCFT). The authors consider a system of two massless free
scalar fields which have a boundary interaction with a periodic potential and furthermore
are coupled to each other through a boundary magnetic term, whose expressions coincide
with Eqs. (2) and (3). By using a string analogy, the boundary magnetic interaction allows
for exchange of momentum of the open string moving in an external magnetic field. In-
deed it enhances one chirality with respect to the other producing the effect of a rotation
together with a scale transformation on the fields and the string parameter plays the role of
dissipation. It is crucial to observe that conformal invariance of the theory is preserved only
at special values of the parameters entering the action, the so called “magic” points. That
happens in close analogy with the motion of an electron confined in a plane, subjected to
an external magnetic field B, normal to the plane, and in the presence of dissipation [47].
Furthermore we have shown how our m-reduced theory at paired states fillings describes a
dissipative system precisely at the “magic” points [36].
In this way noncommutativity comes into play and a deep relation emerges between the
quantum mechanical and the string and D-brane description of the quantum Hall regime.
Now, in order to show how it relates to our CFT description of QHF, we start by consid-
ering quantum field theories defined on a noncommutative two-torus and then resort to the
concept of Morita duality [48][49][50]. Such a kind of duality establishes a relation, via a
one-to-one correspondence, between representations of two noncommutative algebras and,
within the context of gauge theories on noncommutative tori, it can be viewed as a low
energy analogue of T -duality of the underlying string model [51]: as such, it results a pow-
erful tool in order to establish a correspondence between NCFT and well known standard
field theories. Indeed, for rational values of the noncommutativity parameter, θ = 1N , one
of the theories obtained by using the Morita equivalence is a commutative field theory of
matrix valued fields with twisted boundary conditions and magnetic flux c [52] (which, in
a string description, behaves as a B-field modulus). Our recent work [24][25][26] strongly
relies on such an idea. It aims at building up a general effective theory for QHF which
could add further evidence to the relationship between the string theory picture and the
condensed matter theory one as well as to the role of noncommutativity in QHF physics. In
particular, we show by means of the Morita equivalence that a NCFT with θ = 2p + 1m or
θ = p2 +
1
m respectively is mapped to a CFT on an ordinary space. We identify such a CFT
with them-reduced CFT developed for a QHF at Jain ν = m2pm+1 [31][32], as well as paired
states fillings ν = mpm+2 [33][34], whose neutral fields satisfy twisted boundary conditions.
Indeed the presence of a Zm twist is the fingerprint of a topological defect [35][36][37]
localized somewhere on the edge of the system and accounts, in the open string picture, for
a mismatch of momentum exchange at its two endpoints. In this way we give a meaning to
the concept of ”noncommutative conformal field theory”, as the Morita equivalent version
of a CFT defined on an ordinary space. The image of Morita duality in the ordinary space
is given by the m-reduction technique and the corresponding noncommutative torus Lie
algebra is naturally realized in terms of Generalized Magnetic Translations (GMT). That
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introduces a new relationship between noncommutative spaces and QHF and paves the way
for further investigations on the role of noncommutativity in the physics of general strongly
correlated many body systems [53].
In this chapter we illustrate such developments and then, as an example of application,
we study in detail the physics of a system of two parallel layers of 2D electrons gas in
a strong perpendicular magnetic field and interacting with an impurity placed somewhere
on the boundary (quantum Hall bilayer). We focus on the case of non standard filling fac-
tor, which is relevant both from an experimental point of view and for possible topological
quantum computing implementations. Indeed it is described by a m-reduced CFT with
m = 2 and we find that the 2-reduced theory on the two-torus obtained as a Morita dual
starting from a NCFT keeps track of noncommutativity in its structure. Furthermore GMT
are a realization of the noncommutative torus Lie algebra. We analyze in detail the pres-
ence of a topological defect placed between the layers somewhere on the edges and discuss
the relation between different defects and different possible boundary conditions by intro-
ducing the corresponding boundary partition function. A boundary state can be defined in
correspondence to each class of defects [35] and a boundary partition function can be com-
puted which corresponds to a boundary fixed point, e. g. to a different topological sector
of the theory on the torus. In this context GMT are identified with operators which act on
the boundary states and realize the transition between fixed points of the boundary flow. In
the language of Kondo effect [44] they behave as boundary condition changing operators.
We introduce general GMT operators as tensor products which act on the QHF and defect
space respectively and discuss in detail their behaviour. Then, the emergence of noncom-
mutativity as a consequence of the presence of the topological defect is emphasized and its
connection with non-Abelian statistics of the quasi-hole excitations fully elucidated. We
find for such excitations a SO (2n) structure, typical of Ising anyons [54][55], while the
topological defect supports protected Majorana fermion zero modes in close analogy with
point defects in topological insulators and superconductors [23][56]. Finally we give some
insights on how to build up a topologically protected qubit with a quantum Hall bilayer
when two localized defects are introduced on the edge [57].
The outline of the chapter is the following.
In Section 2, we give a brief account of our theoretical approach, the m-reduction pro-
cedure [30], and illustrate how it works in the description of a QHF at Jain as well as paired
states fillings. In this last case we discuss explicitly the m = 2 theory, which corresponds
to a quantum Hall bilayer in the presence of a localized topological defect.
Section 3 is devoted to show how noncommutativity comes into play in our CFT de-
scription by focusing on the issue of Morita equivalence for field theories on noncommu-
tative two-tori. That allows us to introduce a new relationship between noncommutative
spaces and QHF, which is explicitly discussed for Jain ν = m2pm+1 [31][32], as well as
paired states fillings ν = mpm+2 [33][34]. In this last case we make explicit reference to the
bilayer theory m = 2, which will be the subject of our study in the following Sections.
In Section 4 we focus on the physics of a quantum Hall bilayer at paired states fillings
because it is the simplest non trivial example on which all the relevant features of our theory
can be exploited. We discuss in detail the different possible boundary interactions of the
system and show how it is equivalent to a system of two massless scalar bosons with a
magnetic boundary interaction at particular points [46]. Then the boundary content of our
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theory is rephrased in terms of boundary partition functions, which are shown to be closed
upon action of GMT. These results allow us to infer the structure of the most general GMT
operators.
In Section 5 we present and discuss in detail the structure of GMT for quantum Hall
bilayers as tensor products acting on the QHF and defect space respectively. In particular
we find an interesting relation between noncommutativity and non-Abelian statistics of
quasihole excitations, as a consequence of the presence of a defect. Finally we briefly sketch
a possible implementation of a topologically protected qubit with two localized defects
introduced on the edge of the bilayer system.
In Section 6, some comments and outlooks of our work are given.
Finally, the operator content of our theory, the TM, on the torus for a quantum Hall
bilayer at paired states fillings is recalled in the Appendix.
2. The m-reduction technique
In this Section we briefly review the basics of the m-reduction procedure on the plane
(genus g = 0) [30] and then we show how it works, referring to the description of a QHF
at Jain ν = m2pm+1 [31][32] as well as paired states fillings ν = mpm+2 [33][34].
In general, the m-reduction technique is based on the simple observation that for any
CFT (mother) exists a class of sub-theories parameterized by an integer m with the same
symmetry but different representations. The resulting theory (daughter) has the same alge-
braic structure but a different central charge cm = mc. In order to obtain the generators of
the algebra in the new theory we need to extract the modes which are divided by the integer
m. These can be used to reconstruct the primary fields of the daughter CFT. This technique
can be generalized and applied to any extended chiral algebra which includes the Virasoro
one. Following this line one can generate a large class of CFTs with the same extended
symmetry but with different central extensions. It can be applied in particular to describe
the full class of Wess-Zumino-Witten (WZW) models with symmetry ŝu(2)m, obtaining
the associated parafermions in a natural way or the incompressible W1+∞ minimal models
[38] with central charge c = m. Indeed the m-reduction preserves the commutation re-
lations between the algebra generators but modify the central extension (i.e. the level for
the WZW models). In particular this implies that the number of the primary fields gets
modified.
The general characteristics of the daughter theory is the presence of twisted boundary
conditions (TBC) which are induced on the component fields and are the signature of an
interaction with a localized topological defect. It is illuminating to give a geometric inter-
pretation of that in terms of the covering on a m-sheeted surface or complex curve with
branch-cuts, see for instance Figs. 1, 2 for the particular case m = 2.
Indeed the fields which are defined on the left domain of the boundary have TBC while
the fields defined on the right one have periodic boundary conditions (PBC). When we
generalize the construction to a Riemann surface of genus g = 1, i. e. a torus, we find
different sectors corresponding to different boundary conditions on the cylinder, as shown
in detail in Refs. [32][34]. Finally we recognize the daughter theory as an orbifold of the
usual CFT describing the QHF at a given plateau.
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Figure 1. The edge of the 2-covered cylinder can be viewed as a separation line of two
different domains of the 2-reduced CFT.
Figure 2. The local branched plane.
The physical interpretation of such a construction within the context of a QHF descrip-
tion is the following. The two sheets simulate a two-layer quantum Hall system and the
branch cut represents TBC which emerge from the interaction with a localized topological
defect on the edge [35][36][37].
Let us now briefly summarize ourm-reduction procedure on the plane [30]. The starting
point is described by a CFT with c = 1, in terms of a scalar chiral field compactified on
a circle with general radius R2 (R2 = 1 for the Jain series [31] while R2 = 2 for the
non standard one [33], as we will recall in the following). Then the u(1) current is given
by J(z) = i∂zQ(z), where Q(z) is the compactified Fubini field with the standard mode
expansion:
Q(z) = q − i p lnz +
∑
n 6=0
an
n
z−n, (4)
where an, q and p satisfy the commutation relations [an, an′ ] = nδn,n′ and [q, p] = i. The
primary fields are expressed in terms of the vertex operators Uαs(z) =: eiαsQ(z) : with
αs =
s
R (s = 1, ..., R2) and conformal dimension h = s
2
2R2
.
Starting with the set of fields in the above CFT and using the m-reduction procedure,
which consists in considering the subalgebra generated only by the modes in Eq. (4), which
are multiple of an integer m, we get the image of the twisted sector of a c = m orbifold
CFT (i. e. the TM), which describes the Lowest Landau Level (LLL) dynamics of the new
filling in the QHF context. In this way the fundamental fields are mapped into m twisted
fields which are related by a discrete Abelian group. Indeed the fields in the mother CFT
can be factorized into irreducible orbits of the discrete Zm group, which is a symmetry of
the TM, and can be organized into components, which have well defined transformation
properties under this group. To compare the orbifold so built with the c = m CFT, we
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use the mapping z → z1/m and the isomorphism, defined in Ref. [30], between fields
on the z plane and fields on the zm covering plane given by the following identifications:
anm+l −→
√
man+l/m, q −→ 1√mq.
We perform a “double” m-reduction which consists in applying this technique into two
steps.
1) The m-reduction is applied to the Fubini field Q(z). That induces twisted boundary
conditions on the currents. It is useful to define the invariant scalar field:
X(z) =
1
m
m∑
j=1
Q(εjz), (5)
where εj = ei
2pij
m , corresponding to a compactified boson on a circle with radius now equal
to R2X = R
2/m. This field describes the U(1) electrically charged component of the new
filling in a QHF description.
On the other hand the non-invariant fields defined by
φj(z) = Q(εjz)−X(z),
m∑
j=1
φj(z) = 0 (6)
naturally satisfy twisted boundary conditions, so that the J(z) current of the mother theory
decomposes into a charged current given by J(z) = i∂zX(z) and m − 1 neutral ones
∂zφ
j(z).
2) The m-reduction applied to the vertex operators Uαs(z) of the mother theory also
induces twisted boundary conditions on the vertex operators of the daughter CFT. The dis-
crete group used in this case is just the m-ality group which selects the neutral modes with
a complementary cut singularity, which is necessary to reinforce the locality constraint.
The vertex operator in the mother theory can be factorized into a vertex that depends
only on the X(z) field:
Uαs(z) = z α
2
s(m−1)
m : eiαs X(z) : (7)
and in vertex operators depending on the φj(z) fields. It is useful to introduce the neutral
component:
ψ1(z) =
z
1−m
m
m
m∑
j=1
εj : eiφ
j(z) : (8)
which is invariant under the twist group given in 1) and has m-ality charge l = 1. Then,
the new primary fields are the composite vertex operators V αs(z) = Uαs(z)ψl(z), where
ψl are the neutral operators with m-ality charge l.
From these primary fields we can obtain the new Virasoro algebra with central charge
c = m which is generated by the energy-momentum tensor T (z). It is the sum of two
independent operators, one depending on the charged sector:
TX(z) = −1
2
: (∂zX (z))
2 : (9)
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with c = 1 and the other given in terms of the Zm twisted bosons φj(z):
Tφ(z) = −1
2
m∑
j,j′=1
: ∂zφ
j(z)∂zφ
j′(z) : +
m2 − 1
24mz2
(10)
with c = m− 1.
Let us notice here that, although the daughter CFT has the same central charge value,
it differs in the symmetry properties and in the spectrum, depending on the mother theory
we are considering, i.e. for Jain [31] or non standard series [33] in the case of a QHF as we
will show in the following.
2.1. Jain fillings
In this Subsection we focus on the description of a QHF at Jain fillings in terms of vertex
operators and review the main results of m-reduction procedure in order to classify its exci-
tations. The starting point is a CFT with c = 1, in terms of a scalar chiral field compactified
on a circle with radius R2 = 1. Then the U(1) current is given by J(z) = i∂zQ(z), where
Q(z) is the compactified Fubini field given in Eq. (4). The primary fields are expressed in
terms of the vertex operators Uαs(z) =: eiαsQ(z) : with s = 1 and conformal dimension
h = 12 . The dynamical symmetry is given by the W1+∞ algebra [58] with c = 1, whose
generators are simply given by a power of the current J(z). By using the m-reduction
procedure, we get the image of the twisted sector of a c = m orbifold CFT which has
Û(1)×ŜU(m)1 as extended symmetry and describes the QHF at the new general filling
ν = m2pm+1 . In order to do so, we factorize the fields into two parts, the first is the cX = 1
charged sector with radius R2X =
2pm+1
m , the second describes neutral excitations with total
conformal central charge cφ = m− 1 for any p ∈ N [31].
In order to obtain a pure holomorphic wave function we have to consider the correlator
of the TM primary fields, which are the composite vertex operators V αs(z) = Uαs(z)ψl(z)
1 with conformal dimension:
hl =
l2
2m (2pm+ 1)
+
a
2
(
m− a
m
)
, l = 1, 2, ...,m (2pm+ 1) ; (11)
they describe excitations with electric charge qe = l2pm+1 and magnetic charge qm = l in
units of hce . There exist also integer charge quasi-particles (termed a-electrons), with half
integer (or integer) conformal dimension given by:
hl = a
2p+
a
2
, l = (2pm+ 1) a; a = 1, 2, ...,m. (12)
In particular the electrons are obtained in correspondence of qe = 1 and qm = 2pm + 1,
while the other 2pm primary fields correspond to anyons.
The spectrum just obtained follows from the construction of the Virasoro algebra with
central charge c = m (see Eqs. (9)-(10)). We should point out that m-ality in the neutral
sector is coupled to the charged one exactly, as it was derived in Refs. [59][38] according to
1ψl are the neutral operators associated with representations of m-ality l of ŜU(m)1[31].
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the physical request of locality of the electrons with respect to the edge excitations. Indeed
our projection, when applied to a local field (namely the electron field in the case of filling
factor ν = 1), automatically couples the discrete Zm charge of U(1) with the neutral sector
in order to give rise to a well defined, i. e. single valued, composite field. Let us also notice
that the m-electron vertex operator does not contain any neutral field, so its wave function
is realized only by means of the cX = 1 charged sector: we deal with a pseudoparticle
with electric charge m and magnetic charge 2pm + 1. The above construction has been
generalized to the torus topology as well [32], confirming the picture just outlined for the
spectrum of excitations of a QHF at Jain fillings.
2.2. Paired states fillings
Let us now review how the m-reduced theory describes successfully a QHF at paired states
fillings ν = mpm+2 [33, 34]. We focus mainly on the special case m = 2 and on the physics
of a quantum Hall bilayer, which will be of our interest in the following sections as a case
study to illustrate the main theoretical developments we are going to present in this paper.
The idea is to build up an unifying theory for all the plateaux with even denomina-
tor starting from the bosonic Laughlin filling ν = 1/pm + 2, which is described by a
CFT with c = 1, in terms of a scalar chiral field compactified on a circle with radius
R2 = 1/ν = pm + 2 (or the dual R2 = 4/pm + 2). Then the U(1) current is given
by J(z) = i∂zQ(z), where Q(z) is the compactified Fubini field with the standard mode
expansion (4). Let us notice that the informations about the quantization of momentum
and the winding numbers are stored in the lattice geometry induced by the QHE quantiza-
tion (see Ref. [33] for details); in other words the QHE physics fixes the compactification
radius. The corresponding primary fields are expressed in terms of the vertex operators
Uα(z) =: eiαQ(z) : with α2 = 1, ..., 2 + pm and conformal dimension h = α22 . Also here,
as for Jain fillings, starting with this set of fields and using the m-reduction procedure, we
get the image of the twisted sector of a c = m orbifold CFT, which describes the lowest
Landau level dynamics.
Let us now concentrate on the special m = 2 case, which describes a system consisting
of two parallel layers of 2D electrons gas in a strong perpendicular magnetic field. The
filling factor ν(a) = 12p+2 is the same for the two a = 1, 2 layers while the total filling is
ν = ν(1) + ν(2) = 1p+1 . For p = 0 (p = 1) it describes the bosonic 220 (fermionic 331)
Halperin (H) state [60].
The CFT description for such a system can be given in terms of two compactified chiral
bosons Q(a) with central charge c = 2. In order to construct the fields Q(a) for the TM,
the starting point is the bosonic filling ν = 1/2(p + 1), described by a CFT with c = 1 in
terms of a scalar chiral field Q compactified on a circle with radius R2 = 1/ν = 2(p + 1)
(or its dual R2 = 2/(p+ 1)), see Eq. (4). The m-reduction procedure generates a daughter
theory which is a c = 2 orbifold. Its primary fields content can be expressed in terms of a
Z2-invariant scalar field X(z), given by
X(z) =
1
2
(
Q(1)(z) +Q(2)(−z)
)
, (13)
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describing the electrically charged sector of the new filling, and a twisted field
φ(z) =
1
2
(
Q(1)(z) −Q(2)(−z)
)
, (14)
which satisfies the twisted boundary conditions φ(eipiz) = −φ(z) and describes the neutral
sector [33]. Such TBC signal the presence of a localized topological defect which couples
the 2 edges in such a way to get a crossing, as sketched in Fig. 3.
A 
B 
C 
D 
A C 
B D 
(a) (b) 
Figure 3. The bilayer system, (a) without the topological defect (PBC), (b) with the topo-
logical defect (TBC).
The chiral fields Q(a), defined on a single layer a = 1, 2, due to the boundary conditions
imposed upon them by the orbifold construction, can be thought of as components of a
unique “boson” defined on a double covering of the disc (layer) (z(1)i = −z(2)i = zi). As a
consequence the two layers system becomes equivalent to one-layer QHF (in contrast with
the Halperin model in which they appear independent) and the X and φ fields defined in
Eqs. (13) and (14) diagonalize the interlayer interaction. In particular the X field carries the
total charge with velocity vX , while φ carries the charge difference of the two edges with
velocity vφ, i.e. no charge, being the number of electrons the same for each layer (balanced
system).
The primary fields are the composite operators V (z) = UX(z)ψ(z), where UX(z) =
1√
z
: eiαX(z) : are the vertices of the charged sector with α2 = 2(p + 1). Furthermore the
highest weight states of the neutral sector can be classified in terms of two kinds of chi-
ral operators, ψ(z)
(
ψ¯(z)
)
= 1
2
√
z
(
eiα·φ(z) ± eiα·φ(−z)), which, in a fermionic language,
correspond to c = 1/2 Majorana fermions with periodic (Ramond) or anti-periodic (Neveu-
Schwarz) boundary conditions [34]. As a consequence this theory decomposes into a tensor
product of two CFTs, a twisted invariant one with c = 3/2, realized by the charged boson
X(z) and the Ramond Majorana fermion, which is coupled to the charged sector, while the
second one has c = 1/2 and is realized in terms of the Neveu-Schwarz Majorana fermion.
The two Majorana fermions just defined are inequivalent, due to the breaking of the symme-
try which exchanges them, and that results in a non-Abelian statistics. Such a factorization
is much more evident in the construction of the modular invariant partition function, as
we briefly recall in the Appendix [34]. The bosonized energy-momentum tensor of the Z2
twist invariant theory develops a cosine term in its neutral sector which is described by the
Ramond fields:
Tψs(z) = −
1
4
(∂φ)2 − 1
16z2
cos(2
√
2φ). (15)
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It is a clear signature of a tunneling phenomenon which selects out a new stable vacuum,
the c = 3/2 one. If we refer to the bilayer system, we can reduce the spacing between the
layers so that the two species of electrons which live on them become indistinguishable:
in such a case the tunneling amplitude gets large enough to make the H states flow to the
Moore-Read (MR) states [10]. In the limit of strong tunneling the velocity of one Majorana
becomes zero and the theory reduces to the c = 3/2 CFT. Let us also point out that m-ality
in the neutral sector is coupled to the charged one exactly, according to the physical request
of locality of the electrons with respect to the edge excitations. Indeed our projection, when
applied to a local field, automatically couples the discrete Zm charge of U(1) with the
neutral sector in order to give rise to a single valued composite field.
Now let us give an interpretation of the existence of these sectors in terms of conformal
invariant boundary conditions which are due to the scattering of the particles on localized
impurities [35][36][37]. The H sector describes a pure QHF phase in which no impurities
are present and the two layers edges are not connected (see Fig. 3(a)). In realistic samples
however this is not the case and the deviations from the Halperin state may be regarded as
due to the presence of localized impurities. These effects can be accounted for by allowing
for more general boundary conditions just as the ones provided by our TM. In fact an
impurity located at a given point on the edge induces twisted boundary conditions for the
boson φ and, as a consequence, a current can flow between the layers. Then a coherent
superposition of interlayer interactions could drive the bilayer to a more symmetric phase
in which the two layers are indistinguishable due to the presence of a one electron tunneling
effect along the edge.
The primary fields content of the theory just introduced on the torus topology will be
given in the Appendix.
3. m-reduction, noncommutativity and Morita equivalence
In this Section we show how the issue of noncommutativity enters our CFT description for
QHF by fully exploiting the notion of Morita equivalence on noncommutative tori; as we
will see, it will be crucial to choose rational values of the noncommutativity parameter θ.
That allows us to build up a general isomorphism between NCFTs and CFTs on the ordinary
space. We will make an explicit reference to the m-reduced theory describing a QHF at
Jain and paired states fillings, recalled in Section 2. We obtain two main results: i) from a
theoretical perspective, a new characterization of the m-reduction procedure is derived, as
the image in the ordinary space of Morita duality; ii) from a more applicative perspective,
a new relationship emerges between noncommutativity and QHF physics. Furthermore the
noncommutative torus Lie algebra is naturally realized, within the QHF context, in terms
of GMT.
The Morita equivalence [48][50] is an isomorphism between noncommutative algebras
that conserves all the modules and their associated structures. Let us consider an U(N)
NCFT defined on the noncommutative torus T2θ and, for simplicity, of radii R. The coor-
dinates satisfy the commutation rule [x1, x2] = iθ [42]. In such a simple case the Morita
duality is represented by the following SL(2, Z) action on the parameters:
θ
′
=
aθ + b
cθ + d
; R
′
= |cθ + d|R, (16)
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where a, b, c, d are integers and ad− bc = 1.
For rational values of the non commutativity parameter, θ = − ba , so that cθ + d =
1
a , the Morita transformation (16) sends the NCFT to an ordinary one with θ
′
= 0 and
different radius R′ = Ra , involving in particular a rescaling of the rank of the gauge group
[61][62][63][64]. Indeed the dual theory is a twisted U(N ′) theory with N ′ = aN . The
classes of θ′ = 0 theories are parametrized by an integer m, so that for any m there is a
finite number of Abelian theories which are related by a subset of the transformations given
in Eq. (16). This is a crucial remark as we will show in the following, for CFT theories
describing QHF at Jain as well as paired states fillings, respectively.
3.1. Jain fillings
Let us show in detail how Morita duality works for Jain fillings. Indeed the m-reduction
technique applied to the QHF at Jain fillings (ν = m2pm+1 ) can be viewed as the image of
the Morita map (characterized by a = 2p(m− 1) + 1, b = 2p, c = m− 1, d = 1) between
the two NCFTs with θ = 1 and θ = 2p + 1m respectively and corresponds to the Morita
map in the ordinary space. The θ = 1 theory is an U (1)θ=1 NCFT while the mother CFT
is an ordinary U (1) theory; furthermore, when the U (1)θ=2p+ 1
m
NCFT is considered, its
Morita dual CFT has U (m) symmetry. As a consequence, the following correspondence
Table between the NCFTs and the ordinary CFTs is established:
Morita
U (1)θ=1 → U (1)θ=0
(a = 1, b = −1, c = 0, d = 1)
Morita ↓ (a, b, c, d) m− reduction ↓
Morita
U (1)θ=2p+ 1
m
→ U (m)θ=0
(a = m, b = −2pm− 1, c = 1−m,d = 2p (m− 1) + 1)
(17)
For more general commutativity parameters θ = qm such a correspondence can be
easily extended. Indeed the action of the m-reduction procedure on the number q doesn’t
change the central charge of the CFT under study but modifies the compactification radius
of the charged sector [31][32]. Nevertheless here we are interested to the action of the
Morita map on the denominator of the parameter θ which has interesting consequences on
noncommutativity, so in the following we will concentrate on such an issue.
In order to show that the m-reduction technique applied to the QHF at Jain fillings is the
image of the Morita map between the two NCFTs with θ = 1 and θ = 2p+ 1m respectively
and corresponds to the Morita map in the ordinary space it is enough to show how the
twisted boundary conditions on the neutral fields of the m-reduced theory (see Section 2)
arise as a consequence of the noncommutative nature of the U (1)θ=2p+ 1
m
NCFT.
In order to carry out this program let us recall that an associative algebra of smooth
functions over the noncommutative two-torus T2θ can be realized through the Moyal product
([x1, x2] = iθ):
f (x) ∗ g (x) = exp
(
iθ
2
(∂x1∂y2 − ∂x2∂y1)
)
f (x) g (y)
∣∣∣∣
y=x
. (18)
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It is convenient to decompose the elements of the algebra, i. e. the fields, in their Fourier
components. However a general field operator Φ defined on a torus can have different
boundary conditions associated to any of the compact directions. For the torus we have
four different possibilities:
Φ (x1 +R,x2) = e
2piiα1Φ (x1, x2) , Φ (x1, x2 +R) = e
2piiα2Φ (x1, x2) , (19)
where α1 and α2 are the boundary parameters. The Fourier expansion of the general field
operator Φ−→α with boundary conditions −→α = (α1, α2) takes the form:
Φ−→α =
∑
−→n
Φ
−→nU−→n+−→α (20)
where we define the generators as
U−→n ≡ exp
(
2πi
−→n · −→x
R
)
. (21)
They give rise to the following commutator:[
U−→n+−→α , U−→n′+−→α′
]
= −2i sin
(
2π2θ
R2
(−→n +−→α ) ∧
(−→
n′ +
−→
α′
))
U−→n+−→n′+−→α+−→α′ , (22)
where −→p ∧ −→q = εijpiqj .
When the noncommutativity parameter θ takes the rational value θ = 2qm
R2
2pi , being q and
m relatively prime integers, the infinite-dimensional algebra generated by the U−→n+−→α breaks
up into equivalence classes of finite dimensional subspaces. Indeed the elements Um−→n
generate the center of the algebra and that makes possible for the momenta the following
decomposition: −→
n′ +−→α = m−→n +−→n , 0 ≤ n1, n2 ≤ m− 1. (23)
The whole algebra splits into equivalence classes classified by all the possible values of
m−→n , each class being a subalgebra generated by the m2 functions U−→n+−→α which satisfy the
relations[
U−→n+−→α , U−→n′+−→α′
]
= −2i sin
(πq
m
(−→n +−→α ) ∧
(−→
n′ +
−→
α′
))
U−→n+−→n′+−→α+−→α′ . (24)
The algebra (24) is isomorphic to the (complexification of the) U (m) algebra, whose gen-
eral m-dimensional representation can be constructed by means of the following ”shift” and
”clock” matrices [65][66]:
Q =

1
ε
.
.
.
εm−1
 , P =

0 1 0
· · ·
.
.
. 1
1 0
 , (25)
being ε = exp(2piiqm ). So the matrices J−→n = ε
n1n2Qn1Pn2 , n1, n2 = 0, ...,m− 1, generate
an algebra isomorphic to (24):[
J−→n , J−→n′
]
= −2i sin
(
π
q
m
−→n ∧ −→n′
)
J−→n+−→n′ . (26)
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Thus the following Morita mapping has been realized between the Fourier modes defined on
a noncommutative torus and functions taking values onU (m) but defined on a commutative
space:
exp
(
2πi
(−→n +−→α ) · −̂→x
R
)
←→ exp
(
2πi
(−→n +−→α ) · −→x
R
)
J−→n+−→α . (27)
As a consequence a mapping between the fields Φ−→α is generated as follows. Let us focus,
for simplicity, on the case q = 1 which leads for the momenta to the decomposition −→n =
m−→n + −→j , with 0 ≤ j1, j2 ≤ m. The general field operator Φ−→α on the noncommutative
torus T2θ with boundary conditions
−→α can be written in the form:
Φ−→α =
∑
−→n
exp
(
2πim
−→n · −→x
R
)m′−1∑
−→
j =0
Φ
−→n ,−→j U−→
j +−→α . (28)
By using Eq. (27) we obtain the Morita correspondence between fields as:
Φ−→α ←→ Φ =
m′−1∑
−→
j =0
χ
(−→
j
)
J−→
j +−→α , (29)
where we have defined:
χ
(−→
j
)
= exp
2πi
(−→
j +−→α
)
· −→x
R
∑
−→n
Φ
−→n ,−→j exp
(
2πim
−→n · −→x
R
)
. (30)
The field Φ is defined on the dual torus with radius R′ = Rm′ and satisfies the boundary
conditions:
Φ (θ +R′, x2) = Ω+1 · Φ (θ, x2) · Ω1, Φ (θ, x2 +R′) = Ω+2 · Φ (θ, x2) · Ω2, (31)
with
Ω1 = P
b, Ω2 = Q
1/q, (32)
where b is an integer satisfying am− bq = 1. While the field components χ
(−→
j
)
satisfy the
following twisted boundary conditions:
χ
(−→
j
)
(θ +R′, x2) = e2pii(j1+α1)/mχ
(−→
j
)
(θ, x2)
χ
(−→
j
)
(θ, x2 +R
′) = e2pii(j2+α2)/mχ
(−→
j
)
(θ, x2)
, (33)
that is (
j1 + α1
m
,
j2 + α2
m
)
, j1 = 0, ...,m − 1, j2 = 0, ...,m − 1. (34)
Let us observe that −→j = (0, 0) is the trace degree of freedom which can be identified with
the U(1) component of the matrix valued field or the charged component within the m-
reduced theory of the QHF at Jain fillings introduced in Section 2. We infer that only the
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integer part of nim should really be thought of as the momentum. The commutative torus is
smaller by a factor m ×m than the noncommutative one; in fact, upon this rescaling, also
the ”density of degrees of freedom” is kept constant as now we are dealing with m × m
matrices instead of scalars.
Summarizing, when the parameter θ is rational we recover the whole structure of the
noncommutative torus and recognize the twisted boundary conditions which characterize
the neutral fields (6) of the m-reduced theory as the consequence of the Morita mapping of
the starting NCFT (U (1)θ=2p+ 1
m
in our case) on the ordinary commutative space. Indeed
χ(0,0) corresponds to the charged X field while the twisted fields χ
(−→
j
)
with −→j 6= (0, 0)
should be identified with the neutral ones (6). Therefore the m-reduction technique can be
viewed as a realization of the Morita mapping between NCFTs and CFTs on the ordinary
space, as sketched in the Table (17).
Let us now complete the proof by introducing generalized magnetic translations which
realize the noncommutative torus Lie algebra defined in Eq. (24). In order to define GMT let
us point out that, in our TM model for the QHF (see Section 2 and Refs. [31],[32],[33],[34]),
the primary fields (and then the corresponding characters within the torus topology) appear
as composite field operators which factorize in a charged as well as a neutral part. Further
they are also coupled by the discrete symmetry group Zm. This decomposition must hold
for magnetic translations as well, so we need to generalize them in such a way that they
will appear as operators with two factors, acting on the charged and on the neutral sector
respectively. The presence of the transverse magnetic field B reduces the torus to a non-
commutative one and the flux quantization induces rational values of the noncommutativity
parameter θ.
Let us also recall that the incompressibility of the quantum Hall fluid naturally leads
to a W1+∞ dynamical symmetry [58, 67]. Indeed, if one considers a droplet of a quantum
Hall fluid, it is evident that the only possible area preserving deformations of this droplet
are the waves at the boundary of the droplet, which describe the deformations of its shape,
the so called edge excitations. These can be well described by the infinite generators W n+1m
of W1+∞ of conformal spin (n+ 1), which are characterized by a mode index m ∈ Z and
satisfy the algebra:[
W n+1m ,W
n′+1
m′
]
= (n′m−nm′)W n+n′m+m′+q(n, n′,m,m′)W n+n
′−2
m+m′ +...+d(n,m)c δ
n,n′δm+m′=0,
(35)
where the structure constants q and d are polynomials of their arguments, c is the central
charge, and dots denote a finite number of similar terms involving the operators W n+n′−2lm+m′
[58, 67]. Such an algebra contains an Abelian Û(1) current for n = 0 and a Virasoro algebra
for n = 1 with central charge c. It encodes the local properties which are imposed by the
incompressibility constraint and realizes the allowed edge excitations [68]. Nevertheless
algebraic properties do not include topological properties which are also a consequence of
incompressibility. In order to take into account the topological properties we have to resort
to finite magnetic translations which encode the large scale behavior of the QHF.
Let us consider a magnetic translation of step (n = n1+in2, n = n1−in2) on a sample
with coordinates x1, x2 and define the corresponding generators T n,n as:
T n,n = e−
B
4
nne
1
2
nb+e
1
2
nb, (36)
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where b+ = i∂ω − iB2 ω, b = i∂ω + iB2 ω, ω is a complex coordinate (ω being its conjugate)
and B is the transverse magnetic field. They satisfy the relevant property:
T n,nTm,m = q−
n×m
4 T n+m,n+m, (37)
where q is a root of unity.
Furthermore, it can be easily shown that they admit the following expansion in terms of
the generators W l−1k−1 of the W1+∞ algebra:
T n,n = e−
B
4
nn
∞∑
k,l=0
(−)l n
k
2kn
nl
2ln
W l−1k−1, (38)
where now the local W1+∞ symmetry and the global topological properties are much more
evident because the coefficients in the above series depend on the topology of the sample.
Within our m-reduced theory for a QHF at Jain fillings [31][32], introduced in Section
2, it can be shown that also magnetic translations of step (n, n) decompose into equivalence
classes and can be factorized into a group, with generators T n,nC , which acts only on the
charged sector as well as a group, with generators T ji,jS , acting only on the neutral sector.
The presence of the transverse magnetic field B reduces the torus to a noncommutative one
and the flux quantization induces rational values of the noncommutativity parameter θ. As
a consequence the neutral magnetic translations realize a projective representation of the
su (m) algebra generated by the elementary translations:
Ja,b = e
−2piiab
m T a,0S T
0,b
S ; a, b = 1, ...,m, (39)
which satisfy the commutation relations:
[Ja,b, Jα,β ] = −2i sin
(
2π
m
(aβ − bα)
)
Ja+α,b+β . (40)
The GMT operators above defined (see Eqs. (36) and (39)) are a realization of the operators
introduced in Eq. (21) and the algebra defined by Eq. (40) is isomorphic to the noncommu-
tative torus Lie algebra given in Eqs. (24) and (26). Such operators generate the residual
symmetry of the m-reduced CFT which is Morita equivalent to the NCFT with rational non
commutativity parameter θ = 2p + 1m .
3.2. Paired states fillings
In order to show how Morita duality works also for QHF at paired states fillings, let us
proceed as in the previous Subsection.
Let us put our m-reduced theory on a two-torus and consider its noncommutative coun-
terpart T2θ, where θ is the noncommutativity parameter. The m-reduction technique applied
to the QHF at paired states fillings (ν = mpm+2 , p even) can be viewed as the image of the
Morita map [48][49][50] (characterized by a = p2 (m− 1) + 1, b = p2 , c = m− 1, d = 1)
between the two NCFTs with θ = 1 and θ = p2+
1
m (θ = ν0/ν, being ν0 = 1/2 the filling of
the starting theory) respectively, and corresponds to the Morita map in the ordinary space.
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The θ = 1 theory is an U (1)θ=1 NCFT while the mother CFT is an ordinary U (1) theory;
furthermore, when the U (1)θ= p
2
+ 1
m
NCFT is considered, its Morita dual CFT has U (m)
symmetry. As a consequence, the following correspondence Table between the NCFTs and
the ordinary CFTs is established [25]:
Morita
U (1)θ=1 → U (1)θ=0
(a = 1, b = −1, c = 0, d = 1)
Morita ↓ (a, b, c, d) m− reduction ↓
Morita
U (1)θ= p
2
+ 1
m
→ U (m)θ=0(
a = m, b = −pm2 − 1, c = 1−m,d = p2 (m− 1) + 1
)
(41)
Let us notice that theories which differ by an integer in the noncommutativity parameter are
not identical because they differ from the point of view of the CFT. In fact, the Morita map
acts on more than one parameter of the theory. For instance, the compactification radius of
the charged component is renormalized to R2X = p + 2m , that gives rise to different CFTs
by varying p values. Moreover the action of the m-reduction procedure on the number p
doesn’t change the central charge of the CFT under study but modifies the spectrum of the
charged sector [33][34]. Furthermore the twisted boundary conditions on the neutral fields
of the m-reduced theory, Eq. (14)), arise as a consequence of the noncommutative nature
of the U (1)θ= p
2
+ 1
m
NCFT.
Also here the key role in the proof of equivalence is played by the map on the field
Q(z) of Eq. (4) which, after the Morita action, is defined on the noncommutative space z →
z1/m ≡ U0,1. The noncommutative torus Lie algebra defined by the following commutation
rules: [
U−→n+−→j , U−→n′+−→j′
]
= −2i sin
(
2πθ
−→
j ∧ −→j′
)
U−→n+−→n′+−→j +−→j′ . (42)
is realized in terms of the m2 − 1 general operators:
Uj1,j2 = ε
j1j2
2 zj1εj2σ˜,
j1, j2 = 0, ...,m − 1
(j1, j2) 6= (0, 0) , (43)
where σ˜ = iz∂z . Via Morita duality, a mapping between a general field operator Φ defined
on the noncommutative torus T2θ and the field Φ living on the dual commutative torus T2θ=0
is generated as follows:
Φ =
∑
−→n
exp
(
2πim
−→n · −̂→x
R
)
m−1∑
−→
j =0
Φ
−→n ,−→j U−→n+−→j ←→ Φ =
m−1∑
−→
j =0
χ
(−→
j
)
J−→
j
. (44)
The new field Φ is defined on the dual torus with radius R′ = Rm and satisfies the twist
eaters boundary conditions (31), while the field components χ
(−→
j
)
satisfy twisted boundary
conditions.
By using the above decomposition (Eq. (44)), where Φ ≡ Q(z), we identify the fields
X(z) and φj(z) of the CFT defined on the ordinary space. Indeed χ(0,0) is the trace degree
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of freedom which can be identified with the U(1) component of the matrix valued field or
the charged X field (13) within the m-reduced theory of the QHF, while the twisted fields
χ
(−→
j
)
with −→j 6= (0, 0) should be identified with the neutral ones (14).
In conclusion, when the parameter θ is rational we recover the whole structure of the
noncommutative torus and recognize the twisted boundary conditions which characterize
the neutral fields (14) of the m-reduced theory as the consequence of the Morita mapping
of the starting NCFT (U (1)θ= p
2
+ 1
m
in our case) on the ordinary commutative space. In such
a picture the GMT are a realization of the noncommutative torus Lie algebra defined in Eq.
(42), as we wiil show in detail in the following Sections by making explicit reference to the
bilayer case m = 2.
Here we start only to outline the general structure of GMT, anticipating some ideas
which we will develop in detail in the following Sections. In order to pursue this task, let us
consider a general magnetic translation of step (n = n↾ + in⇃, n = n↾ − in⇃) on a sample
with coordinates (x1, x2) and denote with T n,n the corresponding generators. Let us denote
with ↿ and ⇂ the layer index because we are dealing with a bilayer system. Within our
TM for a QHF at paired states fillings [33][34] it is possible to show that such generators
can be factorized into a group which acts only on the charged sector as well as a group
acting only on the neutral sector [26]. In this context the classical magnetic translations
group considered in the literature corresponds to the TM charged sector. In order to study
the action of a GMT on the torus and clarify its interpretation in terms of noncommutative
torus Lie algebra, Eq. (42), let us evaluate how the argument of the Theta functions in which
the conformal blocks are expressed gets modified. For a bilayer Hall system a translation
carried out on the layer ↿ or ⇂ produces a shift in the layer Theta argument wi, wi →
wi + δi, which can be conveniently expressed in terms of the charged and neutral ones
wc(n) =
w↿±w⇂
2 , and in this way we obtain the action on the conformal blocks of the TM.
Indeed, from the periodicity of the Theta functions it is easy to show that the steps of the
charged and neutral translation can be parametrized by δc = 2(p+1)l+2s+i2(p+1) and δn = ±l± i2
respectively, being l = 0, 1; s = 0, ..., p; and i = 0, 1. The layer exchange is realized
by the transformation wn → −wn but the TM is built in such a way to correspond to
the exactly balanced system in which wn = 0 (modulo periodicity) so that this operation
can be obtained only by exchanging the sign in δn (independently for l and i). Because
of the factorization of the effective CFT at paired states fillings into two sub-theories with
c = 3/2 and c = 1/2, corresponding to the MR and Ising model respectively (see Section
2, Appendix and Refs. [33][34]), we infer that also GMT exhibit the same factorization
[26]. As a consequence, conformal blocks of MR and Ising sectors are stable under the
transport of electrons and of the neutral Ising fermion.
In this way some aspects of the structure of GMT for the quantum hall bilayer at paired
states fillings become to emerge. In the following Section we discuss in detail the bilayer
physics and add new ingredients which will help us to infer the general structure of GMT.
Such a general structure will be the subject of Section 5.
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4. Quantum Hall bilayer in the presence of a topological defect:
the role of boundary interactions
The aim of this Section is to present in detail the physics of quantum Hall bilayers in the
presence of a topological defect localized somewhere on the edge, in order to work out
all the main features of our field theoretic approach for a simple but non trivial system.
We start by summarizing the different possible boundary conditions of our CFT model for
the quantum Hall bilayer and then point out its equivalence with a system of two massless
scalar bosons with a magnetic boundary interaction at “magic” points [35][36][37]. Then,
starting from the boundary content of our TM, we introduce the GMT action in a simple
way, in terms of the periodicity of the Jacobi theta functions which enter the boundary
partition functions ZNBV (δ, V ) [36], given in Eq. (62). In particular we show how the
defect interaction parameters (V, δ) change upon GMT. This behavior characterizes GMT
as boundary condition changing operators and allows us to infer their general structure,
which we present in Section 6.
Our TM theory is the continuum description of the quantum Hall bilayer under study.
Its key feature is the presence of two different boundary conditions for the fields defined on
the two layers:
ϕ
(1)
L (x = 0) = ±ϕ(2)R (x = 0) , (45)
where the + (−) sign identifies periodic (PBC) and twisted (TBC) boundary conditions
respectively, L and R staying for left and right components. Indeed TBC are naturally sat-
isfied by the twisted field φ (z) of our TM (see Eq. (14)), which describes both the left
moving component ϕ(1)L and the right moving one ϕ
(2)
R in a folded description of a system
with boundary. In the limit of strong coupling they account for the interaction between a
topological defect at the point x = 0 (layers crossing shown in Fig. 3) and the up and down
edges of the bilayer system. When going to the torus topology, the characters of the theory
are in one to one correspondence with the ground states and a doubling of the correspond-
ing degeneracy is expected, which can be seen at the level of the conformal blocks (see
Appendix). Indeed we get for the PBC case an untwisted sector, P − P and P − A, de-
scribed by the conformal blocks (82)-(86), and for the TBC case a twisted sector, A−P and
A−A, described by the conformal blocks (76)-(81). Summarizing, the two layer edges can
be disconnected or connected in different ways, implying different boundary conditions,
which can be discussed referring to the characters with the implicit relation to the different
boundary states (BS) present in the system (see Ref. [35]). These BS should be associated
to different kinds of linear defects compatible with conformal invariance and their relative
stability can be established. The knowledge of the relative stability of the different bound-
ary states is crucial for the reconstruction of the whole boundary renormalization group
(RG) flow. Indeed different boundary conditions correspond to different classes of bound-
ary states, each one characterized by a g-function [69], the g-function decreases along the
RG flow when going form the UV to the IR fixed point [35] and the generalized magnetic
translations play the role of boundary condition changing operators, as we will show in the
following.
Let us now write down the action for our bilayer system in correspondence of the dif-
ferent boundary conditions imposed upon it, i. e. PBC and TBC. In the absence of an edge
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crossing (PBC case) the Hamiltonian of the bilayer system is simply:
H =
1
2
[(
Π(1)
)2
+
(
Π(2)
)2
+
(
∂xQ
(1)
)2
+
(
∂xQ
(2)
)2]
(46)
where Q(1) and Q(2) are the two boson fields generated by 2-reduction and defined on the
layers 1 and 2 respectively (see Section 2), while the presence of such a coupling (TBC
case, see Fig. 3) introduces a magnetic twist term of the kind:
HM = β
(
Q(1)∂tQ
(2) −Q(2)∂tQ(1)
)
δ (x) . (47)
Finally, in the presence of a localized defect (or a quantum point contact) the Hamiltonian
contains a boundary tunneling term such as:
HP = −tP cos
(
Q(1) −Q(2)
)
δ (x) , (48)
which implements a locally applied gate voltage Vg = tP δ (x). Thus the full Hamiltonian
can be written as [36][37]:
H =
1
2
[(
Π(1)
)2
+
(
Π(2)
)2
+
(
∂xQ
(1)
)2
+
(
∂xQ
(2)
)2]
− tP cos
(
Q(1) −Q(2)
)
δ (x)
+β
(
Q(1)∂tQ
(2) −Q(2)∂tQ(1)
)
δ (x) . (49)
Introducing the charged and neutral fields X and φ defined in Eqs. (13) and (14) we clearly
see that the boundary tunneling term in the Hamiltonian is proportional to φ and the mag-
netic term produces a twist on φ.
Our bilayer system looks like very similar to a system of two massless scalar fields X
and Y in 1 + 1 dimensions, which are free in the bulk except for boundary interactions,
which couple them. Its action is given by S = Sbulk + Spot + Smag [46] where:
Sbulk =
α
4π
∫ T
0
dt
∫ l
0
dσ
(
(∂µX)
2 + (∂µY )
2
)
, (50)
Spot =
V
π
∫ T
0
dt (cosX (t, 0) + cos Y (t, 0)) , (51)
Smag = i
β
4π
∫ T
0
dt (X∂tY − Y ∂tX)σ=0 . (52)
Here α determines the strength of dissipation and is related to the potential V while β is
related to the strength of the magnetic field B orthogonal to the X −Y plane, as β = 2πB.
The magnetic term introduces a coupling between X and Y at the boundary while keep-
ing conformal invariance. Such a symmetry gets spoiled by the presence of the interaction
potential term except for the magic points (α, β) =
(
1
n2+1
, n
n2+1
)
, n ∈ Z. For such pa-
rameters values the theory is conformal invariant for any potential strength V . Furthermore,
if α = β there is a complete equivalence between our TM model for the bilayer system and
the above boundary CFT, as shown in Ref. [36]. All the degrees of freedom of such a
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system are expressed in terms of boundary states, which can be easily constructed by con-
sidering the effect of the magnetic interaction term as well as that of the potential term on
the Neumann boundary state |N >. In this way one obtains the generalized boundary state
|BV > as:
|BV >= sec
(
δ
2
)
eiδRM e−Hpot
(
2X
′
L
)
−Hpot
(
2Y
′
L
)
|NX
′
> |NY
′
>, (53)
where the rotation operator RM is given by
RM = (y0LpXL − x0LpYL ) +
∑
n>0
i
n
(
αYn α
X
−n − αY−nαXn
) (54)
and the rotation parameter δ is defined in terms of the parameters α, β as tan
(
δ
2
)
= βα .
Furthermore the rotated and rescaled coordinates X ′ , Y ′ have been introduced as:
X
′
= cos
δ
2
(
cos
δ
2
X − sin δ
2
Y
)
,
Y
′
= cos
δ
2
(
sin
δ
2
X + cos
δ
2
Y
)
. (55)
Finally the boundary partition function ZNBV can be computed as:
ZNBV = sec
(
δ
2
)
=< N |qL0+L˜0 |BV > (56)
because, in the open string language, the rotation RM introduces now twisted boundary
conditions in the σ direction. In order to better clarify the equivalence of our twisted theory
with the above system of two massless scalar bosons with boundary interaction at “magic”
points it has been shown that the interlayer interaction is diagonalized by the effective fields
X,φ of Eqs. (13) and (14), which are related to the layers fields Q(1), Q(2) just by the
relation given in Eq. (55) for α = β [36]. Indeed they can be rewritten as:
X(z) = cos(ϕ/4)
(
sin(ϕ/4)Q(1)(z) + cos(ϕ/4)Q(2)(z)
)
, (57)
φ(z) = cos(ϕ/4)
(
cos(ϕ/4)Q(1)(z)− sin(ϕ/4)Q(2)(z)
)
. (58)
Such a transformation consists of a scale transformation plus a rotation; for ϕ = π the fields
X(z) and φ(z) of Eqs. (13) and (14) are obtained and the transformations above coincide
with the transformations given in Eqs. (55) for δ = pi2 . In this context the boundary state
|B0(δ) > for the (untwisted) twisted sector in the folded theory is obtained from the rotation
RM on the Neumann boundary state |N(θ) > when δ = 0, pi2 respectively and can be seen
as due to a boundary magnetic term according to [46]. Finally, by performing the rescaling
z → z 12 , a2n+l →
√
2an+ l
2
, q → q√
2
, for α = β, we obtain the X(z) and φ(z) fields in
the standard form. As a result, the twisted CFT can be conjectured to represent the correct
CFT which describes dissipative quantum mechanics of Ref. [47].
Now we compute the boundary partition functions ZNBV (δ, V ) [36], which express the
boundary content of our theory, and show that they are closed under the action of GMT.
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That will be proven by studying how the defect interaction parameters (V, δ) change upon
GMT. As a result we find that the translations of electrons as well as anyons form a closed
algebra (the supersymmetric sine algebra (SSA) given in the next Section, Eqs. (68)-(70)),
where the parameters V and δ remain unchanged modulo m. Indeed the stability algebra
for a fixed point identified by a fractional value of (V, δ) is given by this subalgebra and a
subset of the conformal blocks for the boundary partition function ZNBV (δ, V ). Also the
quasi-hole translations form a closed algebra but the parameters (V, δ) will change together
with the corresponding boundary partition function. In this way the transition to a different
fixed point of the boundary flow is obtained or, in other words, the switching between the
untwisted and twisted vacua of our TM is realized. As a result the role of GMT as boundary
condition changing operators clearly emerges.
As a first step, let us briefly recall the boundary content of our theory in the simplest
m = 2, p = 0 case, which corresponds to the first non-trivial “magic” point α = β = 12 in
Ref. [46]. The action of the magnetic boundary term, (47) or (52), on the Neumann state
|N > is obtained by defining a pair of left-moving fermions as:
ψ1 = c1e
i
2(Q
(2)+Q(1)) = c1e
iX , ψ2 = c2e
− i
2(Q
(2)−Q(1)) = c2eiφ, (59)
where ci, i = 1, 2 are cocycles necessary for the anticommutation. By splitting the two
Dirac fermions into real and imaginary parts, ϕ1 = ψ11 + iψ12, ϕ2 = ψ21 + iψ22,
we get four left-moving Majorana fermions given by ψ = (ψ11, ψ12, ψ21, ψ22) =
(cosX, sinX, cosφ, sin φ) and a corresponding set of right-moving ones. In this new lan-
guage the magnetic boundary term acts only on the fourth Majorana fermion as RM = e2iδ,
where δ = 0 (δ = pi2 ) for the untwisted (twisted) sector of our theory, being its action the
identity for the other components, while the potential term acts on the Majoranas as:
RP =

cos (2V ) − sin (2V ) 0 0
sin (2V ) cos (2V ) 0 0
0 0 cos (2V ) − sin (2V )
0 0 sin (2V ) cos (2V )
 . (60)
So the overall rotation of the corresponding fermionic boundary states is R = RMRP and
the partition function ZAB , can be rewritten as:
ZNBV (δ, V ) = 〈N | e−L(L0+L¯0)|BV (δ) >=
√
2 (q)−2/24
∞∏
n=1
det
(
I + qn−
1
2R
)
, (61)
where |A > is the Neumann boundary state |N >, |B > is the magnetic-potential BS
|BV >, q = e2ipiτ and I is the identity matrix. The final result is:
ZNBV (δ, V ) =
√
2
(
θ3 (V |τ)
η (τ)
√
θ3 (V |τ)
η (τ)
)√
θ3 (δ + V |τ)
η (τ)
, (62)
where δ = 0 (δ = pi2 ) for the untwisted (twisted) sector.
The value of the parameters δ and V identifies a fixed point in the boundary flow. Now,
in order to compute the GMT action on these fixed points and characterize GMT as bound-
ary condition changing operators, let’s look at the transformation properties of the general-
ized Jacobi θi (ω|τ) functions, i = 1, ..., 4, for translations along the cycles A and B of the
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two-torus. In particular, the translations of interest for our study correspond to the following
transformations ω → ω + a+ bτ of the ω parameter with a, b = 12 , 1. The result is:
θ1 (1|τ) = θ1 (0|τ) , θ2 (1|τ) = −θ2 (0|τ)
θ3 (1|τ) = θ3 (0|τ) , θ4 (1|τ) = θ4 (0|τ)
θ1 (τ |τ) = −q−1θ1 (0|τ) , θ2 (τ |τ) = q−1θ2 (0|τ) ,
θ3 (τ |τ) = q− 12 θ3 (0|τ) , θ4 (τ |τ) = −q− 12 θ4 (0|τ)
θ1
(
1
2 |τ
)
= θ2 (0|τ) , θ2
(
1
2 |τ
)
= −θ1 (0|τ)
θ3
(
1
2 |τ
)
= θ4 (0|τ) , θ4
(
1
2 |τ
)
= θ3 (0|τ)
θ1
(
τ
2 |τ
)
= iq−
1
8 θ4 (0|τ) , θ2
(
τ
2 |τ
)
= q−
1
8 θ3 (0|τ)
θ3
(
τ
2 |τ
)
= q−
1
8 θ2 (0|τ) , θ4
(
τ
2 |τ
)
= iq−
1
8 θ1 (0|τ)
. (63)
On the basis of these properties we obtain the action of GMT on the parameters V and δ
which are related to the couplings in the boundary interactions. In this way it is possible to
sort out translations that leave the vacua unchanged and translations that change boundary
conditions by making a switching from one vacuum to another. We find that GMT factorize
into two groups acting on V and δ respectively as V = λpi2 =
2l+i
2 π and δ =
i
2π. Only
translations with i 6= 0 (i. e. quasi-holes) change the boundary states, i. e. the fixed points
within the boundary flow, and then act as boundary condition changing operators. For any
fixed point we find a stability group which is the subgroup of the GMT leaving the vacuum
state unchanged: it is built of any translation of particles with i = 0 (i. e. electrons and, for
p 6= 0, anyons).
By taking a closer look to Eq. (62) we clearly see that the partition function for the MR
model (for p = 0) is given by the terms in the bracket and depends only on the parameter
V which is related to the localized tunneling potential in Eqs. (51) or (48). Both charged
and neutral components of the MR model translate together with the same step as a result
of the coupling between the two sectors due to the parity rule. Let us notice that pure
MR translations cannot be obtained without the localized twist term, as shown in detail
in the next Section. In order to act on the MR states without modifying the last term in
the boundary partition function, Eq. (62), it is mandatory to compensate a V translation
with a translation in the δ parameter. This is a consequence of the competition between the
localized tunneling and the layer exchange effects.
At this point we are ready to combine the action of GMT above obtained with the
modular properties of the conformal blocks (see Appendix); as a result the parameters V
and δ transform as elements of the group SL (2, Z) /Γ2, in agreement with the conjecture
about magic points by Callan et al. [46].
The results just obtained lead us to construct general GMT operators which embody
the peculiar features of our model for the quantum Hall bilayer. Thus, in the following
Section we discuss in detail such a new GMT structure and focus on the relation between
noncommutativity and non-Abelian statistics of quasi-hole excitations.
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5. Generalized Magnetic Translations: noncommutativity and
non-Abelian statistics
In this Section we present in detail the rich structure of Generalized Magnetic Translations
within our TM for the quantum Hall bilayer at paired states fillings as inferred by the pre-
vious findings. This study allows us to sort out noncommutativity and clarify its relation
with non-Abelian statistics of quasi-hole excitations. Finally a possible implementation of
a topologically protected qubit will be proposed and briefly sketched.
Our main result is that a signature of noncommutativity within our TM can be found on
GMT that become non-Abelian. In fact the quantum numbers which label the states do not
satisfy simple additive rules of composition as in the Laughlin series but a more complex
rule similar to that of spin. In general GMT do not commute with the full chiral algebra but
only with the Virasoro one. Therefore a spectrum can be found for any of the different vacua
which correspond to different defects. In order to understand this phenomenon let us study
in detail our TM model with its boundary structure. We will realize that noncommutativity
is deeply related to the presence of topological defects.
The whole TM can be written as U(1) × PFm2 × PF 2m, where U(1) is the Abelian
charge/flux sector and the remaining factors refer to neutral sector. Indeed the neutral fields
can be decomposed into two independent groups: one realizes the parafermions of the
SU(2)m affine algebra (PF 2m) and gives rise to a singlet of the twist algebra while the
second one realizes the parafermions of the SU(m)2 algebra (PFm2 ) and is an irrep of the
twist group. In the literature the neutral sector was assumed to be insensible to magnetic
translations due to the neutrality [10]. Nevertheless, we will show that this is not true in
general because the breaking of the U(1) pseudospin group to a discrete subgroup implies
that the residual action of the magnetic translation group survives. Noncommutativity in
the MR sub-theory U(1) × PFm2 of our TM arises as a result of the coupling between
the charged and the neutral component due to the m-ality selection rule (i. e. the pairing
phenomenon form = 2). In order to describe the antisymmetric part of the full TM, instead,
the coset SU(m)2/U(1)m−1must be taken into account. The boundary interactions, Eqs.
(47) and (48), break the symmetry because contain operators with pseudospin Σ2 giving rise
to the different fixed points of the boundary phase diagram (with a Σz residual symmetry)
[35]. The twist fields are the image of noncommutativity and the fixed points correspond
to different representations with different spin. However, thanks to the modular covariance
[34], we can go from a representation to the other.
Let us now study in detail the structure of GMT. The MR conformal blocks χMR(λ,s) (see
Eqs. (73)-(75) in the Appendix) depend on the Abelian index s = 0, ..., p and the spin index
λ = 0, ..,m. The subgroup of GMT which stabilize the MR conformal blocks is realized
by the operators which transport symmetric electrons as we will show in the following.
The U(1) Abelian charge/flux sector is characterized by a definite (q, φ)-charge and
flux for any type of particles, which simply add together due to the charge and flux conser-
vation. A phase eiqφ is generated by winding one particle around another (i.e. the Abelian
Aharonov-Bohm phase factor). In the presence of the neutral component this phase is fairly
simple. We can have a different behaviour depending on the Abelian or non-Abelian nature
of the excitations. In the untwisted sector (i.e. without σ-fields) the particles, which are
anyons or electrons, all exhibit Abelian statistics. Nevertheless the neutral components give
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a contribution to the full Aharonov-Bohm phase by means of the Zm charge. For the sim-
plest m = 2 case (quantum Hall bilayer) of our interest in this work we encode this charge
into the fermion number F , counting the fermion modes, which is defined by means of
γF . Notice that in our construction we do not need to introduce cocycles for neutral modes
because the induction procedure automatically gives the correct commutation relations for
the projected fields. Nevertheless, when we consider the charged and neutral sectors as in-
dependent it is necessary to consider such matrices. Thus, when we decompose the c = 1
neutral modes into two c = 1/2 components (see Section 2 and Appendix) two independent
Clifford algebras for fermion zero modes have to be introduced. The twisted |σ/µ > ground
state is degenerate and it is possible to define a Clifford algebra in terms of Pauli matrices,
which act as Σx|σ/µ >= |µ/σ >; Σy|σ/µ >= ±i|µ/σ >; Σz|σ/µ >= ±|σ/µ >,
and of the operator γF = (−1)F , which is defined in such a way to anticommute with the
fermion field, γFψγF = −ψ, and to satisfy the property (γF )2 = 1; furthermore it has
eigenvalues ±1 when acting on states with even or odd numbers of fermion creation opera-
tors. On the above vacua the Clifford algebra is realized in terms of the fermion modes by
means of the following operators:
γF = e
ipi
4
Σz(−1)
∑
ψ−nψn and ψ0 =
ei
pi
4
Σx
√
2
(−1)
∑
ψ−nψn
, twisted vacuum (64)
γF = I(−1)
∑
ψ−n+1/2ψn+1/2
, untwisted vacuum(65)
in a γF diagonal basis. In order to give a unified representation of the γF operator in the
twisted as well as the untwisted space we need to add the identity operator I in the above
definition. It acts on the layer indices space (i. e. the pseudospin space).
Within the MR model there isn’t a well defined γF in the twisted ground state, thus we
need to take vacuum states of the form |σ˜ >±= 1√2 (|σ > ±|µ >) while modular invari-
ance forces us to consider only one of these states, which corresponds to the χ 1
16
character
appearing in Eq. (74) (see Appendix). In terms of fields, this would mean trading the two
fields σ and µ for a single field σ˜± = 1√2 (σ ± µ). The fusion rule ψ × σ = µ would be
replaced by ψ × σ˜± = ±σ˜±. The MR model contains only one of these operators (σ˜+)
which corresponds to the χ 1
16
character while the characters χ0 and χ 1
2
have a well defined
fermion parity. As it was observed on the plane (see Section 2), the charged and the neu-
tral sector of MR model are not completely independent but need to satisfy the constraint
α ·p+ l = 0 (mod 2) which is the m-ality condition (parity rule). Here such a rule is explic-
itly realized by constraining the eigenvalues of the fermion parity operator upon defining
the generalized GSO projector P = 12(1 − eipiα·pγF ). In this way the eigenvalues of the
integer part of the neutral translation can be related to the charged one. In order to formally
extend the definition of magnetic translations within the neutral sector to the transport of an
Abelian anyon in any of the different vacua we introduce the couple (a, F ) of parameters
which are defined only modulo 2. According to the above definition a is equal to 1 for
twisted (|σ˜ >+) and 0 for untwisted vacua (|I > and |ψ >) consistently with the fusion
rules. Transport of an anyon around another one produces a (−1)a1F2−a2F1 phase and the
following identification holds: (a, F ) = (λ − i − 2l, l + i+λ2 ), which corresponds to the
characteristics of the Jacobi theta functions θ
[
a
2
F
2
]
within Ising characters. In conclusion,
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for the MR sector the parity rule coupling between the charged and neutral sector manifests
itself as the completion of the charge/flux quantum numbers (q, a;φ, F ).
On the basis of the previous considerations the most general GMT operators can be
written as the tensor product J aF ⊗ J aD, acting on the quantum Hall fluid and defects space
respectively. Although electrons and anyons do not exhibit non-Abelian statistics the GMT
are different for the untwisted/twisted sectors as a consequence of the difference in the
definition of γF , which is a simple identity operator in the untwisted space but becomes a
spin operator in the twisted one. It is easy to verify that the action of Σx on ψ0 is simply
the layer exchange which takes place when the fermion crosses the defect line. When a
particle encyrcles a defect, it takes a phase (−1)F and changes/unchanges the pseudospin
depending on the Σ/I operator action. The net effect of the pseudospin is to modify the
GMT bracket into an anticommutator so that the GMT algebra becomes, for these Abelian
particles, a graded algebra. We can define two kinds of generators:
J a− = J a ⊗ I, (66)
J a+ = J a ⊗Σz, (67)
(where +/− refer to untwisted/twisted vacuum).
Here we note that the pseudospin operator which appears in J a+ is a direct consequence
of the noncommutative structure of the defect [25]. It is made explicitly in terms of mag-
netic translations operators J aD = Uj1,j2 given in Eq. (43), which generate an algebra
isomorphic to SU(2).
A straightforward calculation tells us that J a− and J a+ satisfy the following super-
magnetic translation algebra (within the MR sector):
[
J a−,J β−
]
= 2i sin
(
s×s′
p+ 1
π
)
J a+β− , (68)[
J a+,J β−
]
= 2i sin
(
s×s′
p+ 1
π
)
J a+β+ , (69){
J a+,J β+
}
= 2cos
(
s×s′
p+ 1
π
)
J a+β− , (70)
that is the supersymmetric sine algebra (SSA).
In order to clarify the deep relationship between noncommutativity and non-Abelian
statistics in our TM let us focus on J aD operators, noncommutativity being related to the
presence of topological defects on the edge of the quantum Hall bilayer. Only on the twisted
vacuum (i. e. for V, δ = pi2 ) the J aD realize the spin operator Σ while, in the usual untwisted
vacuum with V, δ = π, there is no noncommutativity and J aD reduces to the identity I. The
defects break the GMT symmetry so that different backgrounds can be connected by special
GMT. The breaking of the residual symmetry of the CFT can be recognized in the conden-
sation of the defects. As recalled in Section 4, it is possible to identify three different classes
of defects and then three non trivial fixed points; in particular an intermediate coupling fixed
point has been found [35], which could be identified with the non-Fermi liquid fixed point
which characterizes the overscreened two-channel Kondo problem in a quantum impurity
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context [44]. The J aD operators which act on the defects space are realized by means of the
P, Q operators defined on the noncommutative torus (see Eq. (32) in Section 3 and Ref.
[25] for details) and are taken to build up the SU(m) boundary generators. The Clifford
algebra can be realized in terms of these operators. The non-Abelian statistics is obtained
in the presence of a σ/µ-twist that corresponds to the defects. A tunneling phenomenon is
associated to a twist of the MR sector while a level crossing is obtained in the presence of a
twist of the pure Ising sector. The ”boundary” SU(2) algebra acts on the twisted boundary
conditions of the neutral fermions. The noncommutative nature arises in the TM as a mani-
festation of the vacuum degeneracy of the non-Fermi liquid fixed point, and the interaction
with the defect spin (pseudospin) is given by the Clifford algebra. Notice that this noncom-
mutativity is purely chiral and should be not confused with the Aharonov-Bohm effect due
to charge/flux exchange (which is necessarily non-chiral).
Let us now define another GMT algebra which is a subalgebra of the whole GMT al-
gebra; it is generated by the exchange of quasi-hole excitations with non-Abelian statis-
tics. The GMT operators for quasi-holes are more involved and, as shown in the previous
Section, change boundary states by switching from a twisted vacuum to an untwisted one
and viceversa; as a result a parity operator Ω with the property Ω2 = (−1)F must be in-
serted in the definition of generators producing J aD = Ωei
pi
4
Σ
. That corresponds to the
introduction of the phase factor e−i
pi
4 when considering the action on the conformal blocks
[26]. Although only closed edges are physical, this forces us to introduce open edges as
the fundamental domain of our theory. In a string theory context the operator Ω realizes
the switching from the closed string channel to the open string one ending on a massive
D-brane, identified with the topological defect. Furthermore let us notice that the defects
support Majorana fermion zero modes: this finding in our context of QHF physics parallels
an analogue recent finding by Teo and Kane in topological insulators and superconduc-
tors [23]. It is well known [54] that non-Abelian statistics of quasi-hole excitations has a
SO(2n) structure, typical of the so called Ising anyons. We can realize such an algebra in
our formalism by using the non-diagonal GMT. In fact, while the product of 2n identical
one-particle translations are a realization of the GMT on the 2n-particles wave functions,
the product of two independent one-particle translations can be used to realize the braiding
matrices embedded in SO(2n). Let us consider here only the neutral translations and the
tensor product of 2n copies of such translations. In terms of field theory this corresponds to
an Ising2n model. Indeed it is a standard realization of SO(2n) algebra which groups the
2n Majorana fields into n complex Dirac fields. If also one-particle translations are added,
a superextension of this algebra is obtained [55]. A representation of the braid group for
2n quasiholes has dimension 2n−1and can be described as a subspace of the tensor product
of 2n two dimensional spaces [54]. Each of them contains basis vectors and the physical
subspace of the tensor product is the space generated by the vectors whose overall sign
is positive. A spinor representation of SO(2n) × U(1) lives on the tensor product space:
the U(1) factor acts as a multiplicative factor, while the generators Σij of SO(2n) may be
written in terms of the Pauli matrices Σi. In conclusion, the braid group Bn is generated by
elementary exchanges Ti of a quasihole i and a quasihole i+ 1, satisfying the relations:
TiTj = TjTi (|i− j| > 2) (71)
TiTi+1Ti = Ti+1TiTi+1 (1 ≤ i ≤ n− 2). (72)
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They can be realized as embedded in the action of SO(2n) × U(1) as follows: Ti =
Ωei
pi
2
Σij
. The odd operators Ti = Ωei
pi
4
Σi act as one-particle ones and are identified as the
GMT for a quasi-hole while the even ones, Ti = Ωei
pi
4
ΣiΣi+1
, are two-particle operators. We
can see that the square of a quasi-hole translation coincides with the GMT for an electron.
Thus we obtain the GMT group as the double covering of the one-particle operators for the
quasi-hole transport.
Such results can be employed in order to build up a topologically protected qubit. In-
deed a reliable implementation with a quantum Hall bilayer could be achieved by putting a
second topological defect somewhere on the edge; this is needed in order to localize quasi-
hole excitations. In this way we get four quasiholes, whose positions are denoted as ηa,
a = 1, ..., 4: quasiholes with coordinates η1, η2 form the qubit while those at η3, η4 work
as a tool to read and manipulate the qubit’s state [70]. Then it is possible to implement
quantum gates by braiding some of the quasiholes, which leads to unitary transformations
in the qubit space [71].
6. Conclusion
In this chapter we reviewed our recent work on the physics of QHF at Jain as well as paired
states fillings in a more general context, that of a NCFT. Indeed, when the underlying m-
reduced CFT is put on a two-torus it appears as the Morita dual of an Abelian NCFT. In
this way noncommutativity comes into play in our CFT description and the corresponding
noncommutative torus Lie algebra is naturally realized in terms of Generalized Magnetic
Translations (GMT). That introduces a new relationship between noncommutative spaces
and QHF and paves the way for further investigations on the role of noncommutativity in
the physics of general strongly correlated many body systems [53].
Paired states fillings are of main interest because of their application in the realm of
topological quantum computation. So we focused on such fillings and, as a case study, we
analyzed in detail a quantum Hall bilayer in the presence of a localized topological defect.
The system is found to be well described by an action with two boundary interaction terms,
a boundary magnetic term and a boundary potential which, within a string theory picture,
could describe an analogue system of open strings with endpoints finishing on D-branes in
the presence of a background B-field and a tachyonic potential. We recalled the boundary
state structure corresponding to two different boundary conditions, the periodic as well as
the twisted boundary conditions respectively, which give rise to different topological sec-
tors on the torus [35][36][37]. In this context the action of GMT operators on the boundary
partition functions has been computed and their role as boundary condition changing oper-
ators fully evidenced. From such results we inferred the general structure of GMT in our
model and clarified the deep relation between noncommutativity and non-Abelian statis-
tics of quasi-hole excitations. Non-Abelian statistics of quasi-holes is crucial for physical
implementations of topological quantum computing in QHF systems [11]. Work in this
direction is in progress. We also point out that noncommutativity is strictly related to the
presence of a topological defect on the edge of the bilayer system, which supports pro-
tected Majorana fermion zero modes. That happens in close analogy with point defects in
topological insulators and superconductors, where the existence of Majorana bound states
is related to a Z2 topological invariant [23].
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Our theoretical approach is peculiar in that it allows one to give a meaning to the con-
cept of noncommutative conformal field theory, as the Morita equivalent version of a CFT
defined on an ordinary space. Furthermore it helps to shed new light on the relationship
between noncommutativity and QHF physics on one hand and between string and D-brane
theory and QHF physics on the other hand [72]. Recently we employed the m-reduction
procedure in order to describe non trivial phenomenology in different condensed matter
systems such as Josephson junction ladders and arrays [73][74][75], two-dimensional fully
frustrated XY models [76] and antiferromagnetic spin-1/2 ladders with a variety of inter-
actions [77]. So, it could be interesting to investigate the role of noncommutativity in these
systems.
7. Appendix: TM on the torus for quantum Hall bilayers at
paired states fillings
Here we give the whole primary fields content of our TM on the torus topology at paired
state fillings by focusing on the particular case m = 2, which describes the physics of a
quantum Hall bilayer.
On the torus, the primary fields are described in terms of the conformal blocks (or
characters) of the MR and the Ising model [34]. The MR characters χMR(λ,s) with λ = 0, ...2
and s = 0, ..., p, are explicitly given by:
χMR(0,s)(w|τ) = χ0(τ)K2s (w|τ) + χ 1
2
(τ)K2(p+s)+2 (w|τ) , (73)
χMR(1,s)(w|τ) = χ 1
16
(τ)
(
K2s+1 (w|τ) +K2(p+s)+3 (w|τ)
)
, (74)
χMR(2,s)(w|τ) = χ 1
2
(τ)K2s (w|τ) + χ0(τ)K2(p+s)+2 (w|τ) . (75)
They represent the field content of the Z2 invariant c = 3/2 CFT [10] with a charged com-
ponent (Kα(w|τ) = 1η(τ)Θ
[ α
4(p+1)
0
]
(2 (p+ 1)w|4 (p+ 1) τ)) and a neutral component
(χβ , the conformal blocks of the Ising Model).
The characters of the twisted sector are given by:
χ+(0,s)(w|τ) = χ¯ 116
(
χMR(0,s)(w|τ) + χMR(2,s)(w|τ)
)
, (76)
χ+(1,s)(w|τ) =
(
χ¯0 + χ¯ 1
2
)
χMR(1,s)(w|τ) (77)
which do not depend on the parity of p;
χ−(0,s)(w|τ) = χ¯ 116
(
χMR(0,s)(w|τ) − χMR(2,s)(w|τ)
)
, (78)
χ−(1,s)(w|τ) =
(
χ¯0 − χ¯ 1
2
)
χMR(1,s)(w|τ) (79)
for p even, and
χ−(0,s)(w|τ) = χ¯ 116
(
χ0 − χ 1
2
) (
K2s (w|τ) +K2(p+s)+2 (w|τ)
)
, (80)
χ−(1,s)(w|τ) = χ 116
(
χ¯0 − χ¯ 1
2
) (
K2s+1 (w|τ) −K2(p+s)+3 (w|τ)
) (81)
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for p odd. Notice that only the symmetric combinations χ+(i,s) can be factorized in terms of
the c = 32 and c =
1
2 theory. That is a consequence of the parity selection rule (m-ality),
which gives a gluing condition for the charged and neutral excitations.
Furthermore the characters of the untwisted sector are given by:
χ˜+(0,s)(w|τ) = χ¯0χMR(0,s)(w|τ) + χ¯ 12χ
MR
(2,s)(w|τ) = χ3311,s (w|τ), (82)
χ˜+(1,s)(w|τ) = χ¯0χMR(2,s)(w|τ) + χ¯ 12χ
MR
(0,s)(w|τ) = χ3312,s (w|τ), (83)
χ˜−(0,s)(w|τ) = χ¯0χMR(0,s)(w|τ) − χ¯ 12χ
MR
(2,s)(w|τ), (84)
χ˜−(1,s)(w|τ) = χ¯0χMR(2,s)(w|τ) − χ¯ 12χ
MR
(0,s)(w|τ), (85)
χ˜(s)(w|τ) = χ¯ 1
16
χMR(1,s)(w|τ) = χ3313,s (w|τ) + χ3314,s (w|τ), (86)
where χ331i,s (w|τ) are the characters of 331 model [60]:
χ3311,s (w|τ) = K0 (0|τ)K2s (w|τ) +K2 (0|τ)K2(p+s)+2 (w|τ) , (87)
χ3312,s (w|τ) = K2 (0|τ)K2s (w|τ) +K0 (0|τ)K2(p+s)+2 (w|τ) , (88)
χ3313,s (w|τ) = K1 (0|τ)K2s+1 (w|τ) +K3 (0|τ)K2(p+s)+3 (w|τ) , (89)
χ3314,s (w|τ) = K3 (0|τ)K2s+1 (w|τ) +K1 (0|τ)K2(p+s)+3 (w|τ) , (90)
Ki (0|τ) being the characters of the c = 1 Dirac theory. Notice that K3 (−w|τ) =
K1 (w|τ), so that only for a balanced system the two characters can be identified while
K0(2) (−w|τ) = K0(2) (w|τ). Let us also point out that, as evidenced from Eq. (87), one
character of the TM is identified with two characters of the 331 model. In this way the
degeneracy of the ground state on the torus is reduced from 4 (p+ 1) to 3 (p+ 1) when
switching from 331 to TM, a clear signature of a transition from an Abelian statistics to
a non-Abelian one. Such a transition is due to the presence of two inequivalent Majorana
fermions together with the breaking of the symmetry which exchanges them. In conclu-
sion, while in the Halperin model the fundamental particles are Dirac fermions with a well
defined layer index, in the TM they are given in terms of symmetric ψ and antisymmetric ψ¯
fields, that is as a superposition of states belonging to different layers. As such, they behave
in a different way under twisted boundary conditions.
We point out that the partition function on the torus can be written as:
Z(τ) =
1
2
(
p∑
s=0
2
∣∣χ˜(s)(0|τ)∣∣2 + Z+untwist(0|τ) + Z−untwist(τ) + Z+twist(τ) + Z−twist(τ)
)
(91)
for p even, where:
Z+untwist(τ) =
p∑
s=0
(∣∣∣χ˜+(0,s)(0|τ)∣∣∣2 + ∣∣∣χ˜+(1,s)(0|τ)∣∣∣2) , (92)
Z−untwist(τ) =
p∑
s=0
(∣∣∣χ˜−(0,s)(0|τ)∣∣∣2 + ∣∣∣χ˜−(1,s)(0|τ)∣∣∣2) , (93)
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Z+twist(τ) =
p∑
s=0
(∣∣∣χ+(0,s)(0|τ)∣∣∣2 + ∣∣∣χ+(1,s)(0|τ)∣∣∣2) , (94)
Z−twist(τ) =
p∑
s=0
(∣∣∣χ−(0,s)(0|τ)∣∣∣2 + ∣∣∣χ−(1,s)(0|τ)∣∣∣2) , (95)
while for p odd we get simply:
Z(τ) =
1
2
(
p∑
s=0
2
∣∣χ˜(s)(0|τ)∣∣2 + Z+untwist(0|τ) + Z−untwist(τ) + Z+twist(τ)
)
. (96)
As recalled above, the two Majorana fermions are not completely equivalent and that re-
flects in the factorization of the partition function in the MR and Ising (non-invariant) one:
Z(τ) = ZMR(τ)ZI sin g(τ) (97)
where ZMR is the modular invariant partition function of the MR c = 3/2 theory:
ZMR(τ) =
p∑
s=0
(∣∣∣χMR(0,s)(0|τ)∣∣∣2 + ∣∣∣χMR(1,s)(0|τ)∣∣∣2 + ∣∣∣χMR(2,s)(0|τ)∣∣∣2) (98)
and ZI sin g is the partition function of the Ising c = 1/2 theory:
ZI sin g(τ) = |χ¯0(τ) |2 +
∣∣∣χ¯ 1
2
(τ)
∣∣∣2 + ∣∣∣χ¯ 1
16
(τ)
∣∣∣2 . (99)
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